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Abstract

We investigate the complexity of the satis abilit y problem of constraints over nite totally
ordered domains. In our corntext, a clausal constraint is a disjunction of inequalities of the
form x dandx d. We classify the complexity of constraints basedon clausal patterns. A
pattern abstracts away from variablesand contains only information about the domain elemerts
and the type of inequalities occurring in a constraint. Every nite set of patterns givesrise to
a (clausal) constraint satisfaction problem in which all constraints in instances must have an
allowed pattern. We prove that every such problem is either polynomially decidable or NP-
complete, and give a polynomial-time algorithm for recognizing the tractable cases. Some of
thesetractable casesare new and have not been previously identi ed in the literature.

1 Intro duction

Researt in complexity of constraint satisfaction problems (CSP) gained a considerableinterest in
the recert years. The rst complete classi cation by meansof a dichotomy theorem for Boolean
CSP of Schaefer [Sth78] has beenfollowed in the last decadeby an intensive e ort to extend his
result to larger domains. Federand Vardi [FV98] conjectured that a dichotomy theorem holds for
every nite domain. This conjecture has been partially con rmed in 2002 when Bulatov [Bul02]
proved a dichotomy theorem for the 3-elemen domain. The problem remains open for domains of
higher cardinality. Confronted with the di cult y of the main goal, researtersstarted to investigate
CSP problems with additional structure, like list constraints or consenative constraints [BulO3].
The eort has been pursued along sewral lines: one of them applies methods from universal
algebra [BJKO5, Bul02, Bul03], the other oneis oriented towards graph theoretic methods [FV98,
HNO4], and there is alsoa nite model theory approad [Dal02, FV98, KVO0O].
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Dichotomy results are important in computational complexity. Ladner proved in [Lad75] that
there exists an in nite hierarchy betweenthe classP of polynomial-time decidable problems and
NP-complete problems, provided that P 6 NP. On the other hand, a dichotomy theorem statesthat
a consideredconstraint satisfaction problem is either polynomial-time decidable or NP-complete,
depending on a parameter usually preserted in the form of a nite setof relations.. This meansthat
dichotomy results are not at all obvious and should constitute an exception under the hypothesis
that P 6 NP.

In this paper we considerconstraint satisfaction problemsinspired by many-valuedlogic. In fact,
we take for basisof our researt the regular signedlogic [Hah01], wherethe underlying nite domain
is totally ordered, i.e., is a chain. This logic provides us with the concept of literal, clause,and
formula, which extend naturally from the Boolean domain. Moreover, the well-known polynomial-
time decidablesatis abilit y casesnhamely Horn, dual Horn, bijunctiv e, 0- and 1-valid presene their
good complexity properties. The cornerstone of our approad is the concept of clausal pattern,
which is an abstraction of all clausesof certain type. Thesepatterns correspond, roughly speaking,
to constraints in the algebraic approad. Finite setsof patterns constitute clausallanguagesupon
which we construct formulas, whosesatis abilit y are at the heart of our CSP problems. Naturally,
these CSP problems are parametrized by clausal languages. Di erent clausal languageslead to
CSP problemsof di erent complexity. First, we getrid of the redundant valuesin the domain, and
thus concertrate on clausal languagesclosed under taking subpatterns and cortaining all unary
clauses. Next, to be able to compare clausal languagesand subsequekly the complexity of the
induced CSP problems, we build 3-saturations by meansof resolution and subpatterns. Roughly
speaking, the 3-saturation of a clausallanguagelL givesall patterns of length at most 3 that can
be\implemented" by L, thus measuringthe expressie power of L.

We rst derive the exact condition for NP-complete CSP problems, followed by a careful and ex-
haustive analysison the patterns occurring in the saturation, which provide uswith the polynomial-
time decidablecases.We obtain a dichotomy theoremfor any cardinality of the nite totally ordered
domain, where the previously known four polynomial-time decidable caseskeeptheir complexity.
Moreover, we discover new polynomial-time decidable cases,which are absert from Boolean CSP
problems. We presern an algorithm computing a satisfying assignmem of a formula, if it exists, by a
uni ed approad for all polynomial-time decidablecases.Hence,we obtain a complete classi cation
of many-valued logics-basedCSP problemsover nite totally ordered domains.

2 Preliminaries

Let D bea nite chain,say D = f0;1;:::;n 1g with the total order0< 1< <n 1,calleda
domain, and let V be a set of variables. For x 2 V and d 2 D, the inequalitesx dandx dare
called positive and negative literal, respectively. A clauseis a disjunction of literals. As usually, an
interval [a;b] denotesthe subsetof valuesfx 2 D ja x bg.

A clausal pattern, or pattern for short, is a multiset® of the form

where p;q 2 N and a;j, Iy are values from the domain D, for all i. The +a;'s are called posi-
tive literals, the by's negative literals. The sum p+ q, also denoted by jPj, is the length of the

1A multiset (also called bag) is a set with repetitions.



pattern. If P and Q are patterns and all literals of P occur in Q then P is called a subgmttern
of Q. A clausal languagel is a nite set of clausal patterns, with arities not necessarilyequal.
We denote by P* and P the positive and negative parts, respectively, of the pattern P, i.e.,

P* = (+a;:::;+ap) and P = ( by;:::; by). Wedenoteby min(P*) = minfay;:::;a,g and
max(P ) = maxfby;:::;byg the minimum and maximum valuesof the parts P* and P , respec-
tively. We denote by pos(L) = fP 2 L j P = P*;jPj= "gandneg(L) = fN 2 L jN =
N ;jNj= "gthe setof all positive and negative patterns of length ~ in L, respectively.

Given a clausallanguageL and a set of variables V, an L-clauseis a pair (P;x), whereP 2 L
is a pattern and x is a vector of not necessarilydistinct variables from V, such that jPj = jx%j. A

represeits the clausecp = (X1  ar_  _Xp @ _Xprz b _Xprq hy). Wewill use
the more convertional notation P (%) instead of (P;%). An L-formula, or formula for short, is a

Xk occurin ', xing alsoimplicitly their sequence.
An assignmentis amapping | : V ! D assigninga domain elemert | (x) to ead variablex 2 V.
The satisfaction relation | F ' is de ned asfollows:

| E true and | § false;

l Ex difl1(x) d;

l Fx difI(x) d
"~ ifIlE" andl E ;
' _ ifIlE" ol E

If I ' holds, we say that | satises ' .
It can be easily seenthat the literals +0 and (n 1) are super uous since the inequalities
x 0Oandx n 1 arealways satis ed. We call theseliterals trivial , cortrary to the non-trivial

literals +1, ..., +(n 1)and O,..., (n 2). Without lossof generality, it is su cien t to only
considerpatterns and clausal languageswith non-trivial literals.
A clausalpattern P = (+ay;:::;+ap; by;:::; by issaidto be
Hormn if p 1,

dual Horn if g 1,

bijunctive if p+ q 2 and binary if p+ q= 2,
d-valid if d min(P*) ord max(P ),
positive if p> 0andqg= 0 (i.e., P = P%),
negative if p= 0andq> 0 (i.e., P = P ),
monotone if it is positive or negative,

mixed if p> 0 and q> O.



Note that if x is any vector of variables such that j%j = jPj, then the pattern P is d-valid if and
only if P (%) is satis ed by the constart assignmen | (x) = d for all x 2 %x. A clausal languageL
is Horn, dual Horn, bijunctiv e, or d-valid, respectively, if every pattern in L hasthe corresponding
property.

A relation R of arity k over a nite domain D is asubsetR DK. A vector m 2 R belonging

Sol( (x1;::::xk)) = fUx);:lx)jlE'g

produced by the set of assignmems | satisfying * .
Let R DX be a relation of arity k over the domain D andf: D ! D be a unary function.
The image of the relation R under the function f is the set of vectors

f(R) = f(f(m[1]);:::;f (mk]) jm2 Rg

of arity k. We say that the relation R is closa under f if the inclusion f (R) R holds.

In the sequelwe needthe image of clausal patterns under unary functions. Let P be a clausal
pattern of length k over the domain D andf: D ! D be a unary function. The image of the
pattern P under the function f is the relation

f(P) = ff(m)jm2 Sol(P(xy1;:::;Xk))0:

an endomorphismof a clausallanguagelL if the inclusion f (P)  Sol(P(x1;:::;Xx)) holds for eath
P2L.

Letf: D! D beaunary function de ned onthe domain D. We denotethe rangeoff by f (D)
and the k-fold composition of f by f kK (de ned recursively asf 1= f and f X1 = fk f),

3 Constrain t Satisfaction Problems
Given a clausal languagelL, the constraint satisfaction problem over L is de ned as follows.

Problem: csp(V;D;L)
Input: An L-formula ' over a nite totally ordereddomain D and variablesV.
Question: Is ' satis able?

If the domain D and variablesV are implicitly clear, we write csp(L) instead of csp(V;D;L).

In this section we will shaw that, in order to classify the complexity of problems csp(L), it is
sucient to do this for languageswhich contain all unary patterns and are closed under taking
subpatterns.

Lemma 1 LetL be a clausallanguage,suchthat the positive literal + a for somea 2 f1;:::;n 1g
(or the negative literal b for someb2 f0;:::;n 2g) doesnot occur in any pattern of L. Then
there exist a clausallanguagel °on the domain Dr fag (or Dr fhg), suchthat csp(L) and csp(L9
are polynomial-time equivalent.



Pro of: Assumethat the positive literal +a for somea 2 f1;:::;n 1g doesnot appearin any
pattern in L (the caseof bis very similar). Let D®= D r fag be the new domain. For every
pattern P 2 L, let P%be a pattern on D?obtained from P by replacing ead literal  a (if there are
any) by (a 1). SetL%= fP% P 2 Lg. We claim that csp(L) and csp(L9 are polynomial-time
equivalent.

If ' is an instance of csp(L) then let the instance' °of csp(LY be obtained by replacing eath
pattern P in it by the corresponding pattern P °while keepingthe samevariables. If | is a satisfying
assignmen to ' and | (x) = a holdsfor somevariable x then this assignmen, but with 1 (x) = a 1,
would still satisfy all clausesin ' (we use here the linearity of order and the fact that the literal
X ais not presernt in ' ). Doing this for every variable x with I (x) = a, we get a satisfying
assignmen to ' which doesnot usea. It is easyto seethat this assignmen will alsobe a solution
to ' % On the other hand, if 1 %is a satisfying assignmen to * %then it is alsoa solution to * .

The reduction from csp(L9 to csp(L) is similar. For every pattern P%in L% x apattern P 2 L
such that PCis obtained from P by replacing ead literal a (if there areany) by (a 1). The
reduction is simply the inversemapping to the previous one. 2

Remark 2 It follows from the de nitions that if f is an endomorphismof L and | is a satisfying
assignmen to an instance of csp(L) then f | also satis es the instance. In particular, every
satis able instance of csp(L) has a solution using only valuesfrom f (D).

Lemma 3 Let L be a clausal languagethat has an endomorphismf which is not a permutation.
Then there exist a clausal languageL® on a smaller domain such that csp(L) and csp(L9 are
polynomial-time equivalent.

Pro of: It is easyto seethat for any k the iterated function f ¥ is also an endomorphism and
that for somek the mapping f ¥ acts identically on its range, i.e., that f X(a) = a holds for every
a2 f¥(D). Without lossof generality, we may assumethat already the unary function f has this
property. Sincef is not a permutation, we can nd an elemert b2 D which is not in the range
of f,i.e., such that b6 (D). Let f (b) = a for somea 2 f (D). We have either a< bora> b. We
perform the proof only for the casea < b, sincethe other oneis similar.

Let D = f0;:::;n 1g be the domain. We needa caseanalysis corresponding to the position
of bin D. If b= n 1then ewery satis able instance of csp(L) has a solution over f0;:::;n 29
accordingto Remark 2. Sowe can simply removen 1 from D and all occurrencesof n 1 from
the patterns in L. Clearly this leadsto an equivalert problem over a smaller domain.

Let b< n 1. For every pattern P 2 L, let P%pe a pattern obtained from P by replacing
ead literal +b (if there are any) by +(b+ 1). SetL%= fP%j P 2 Lg. We claim that csp(L)
and csp(L% are polynomial-time equivalert. Sincef is also an endomorphism of L% following
Lemma 1 every satis able instance of csp(L % hasa satisfying assignmen | : V ! f (D) using only
valuesfrom the range of f . Clearly, changing all literals of the form x bto x b+ 1 doesnot
a ect the satis abilit y of instancesof csp(L). 2

By Lemmas1 and 3, in order to classify the complexity of problemscsp(L), it is sucient to
consideronly clausal languagesL whoseall endomorphismsare permutations and suc that eadh
non-trivial literal is presern in somepattern in L. To further restrict the classof clausallanguages,
we needto temporarily extend the type of constraints under consideration by allowing not only
constraints given by patterns from L, but also constant constraints, i.e., constraints of the form



X = a where x is a variable and a is an elemen from D. For a clausal languagel, let csp¢(L)
denote the extended problem csp(L) in which arbitrary constart constraints are also allowed in
instances.

With respectto Corollary 4.8 in [BJKO5] (or by Theorem 3.7 in [BJK99]), csp(L) and csp¢(L)
are polynomial-time equivalent, wheneer all endomorphismsof a clausallanguagelL are permuta-
tions.

De nition 4 We call a clausallanguageL SU-closed , if it is closedunder taking subpatterns and
it contains all non-trivial unary patterns, i.e., if it satis es the following conditions:

1. If P 2 L and PPis a subpattern of P then P92 L.
2. (+d)2L foralld2fl;:::;n 1g.
3.(d2Lforalld2f0;:::;n 2g.

Prop osition 5 For any clausallanguagelL overa xed domain D there existsan SU-closel clausal
languagel °, suchthat csp(L) and csp(L9 are polynomial-time equivalentand L © can be constructed
from L in time polynomial in the sizeof L.

Pro of: First, we describe a polynomial-time algorithm which nds a non-surjective endomorphism
of L or shows that such an endomorphismdoesnot exist. Let

beapattern in L and Rp = Sol(P(x1;:::;Xp+q)) bethe corresponding relation on D. By de nition,
a unary function f on D is not an endomorphism of Rp if and only if there exists a vector
m = (mg;:ii;mp;md;iiiimd) 2 Re, sudh that f(m) 62Rp, ie., if and only if the following

Clearly, for any given f , the above conditions can be veri ed in linear time. SinceD is xed, the
number of possibleunary functions on D is a constart. So the algorithm simply cheds for eadh
possible non-surjective unary function f, whether f is an endomorphism of relation Rp for eah
pattern P 2 L.

Using the above algorithm, we can detect non-surjective endomorphismsof L. If f is such
an endomorphismand b is an elemen abser from the range of f then we follow the (linear-time)
proceduresfrom the proofsof Lemmas1 and 3 to obtain an equivalert languageover domainDr fbg.
We perform these stepsuntil all endomorphismsof the obtained language are permutations, i.e.,
at most jDj times.

By Lemmas 1 and 3, we may assumethat all endomorphismsof L are permutations and that
ead non-trivial literal is presern in somepattern in L. We will shaw that the languageL ° obtained
from L by adding all unary patterns together with all subpatterns of the patterns in L is the
required language. Note that every unary pattern is a subpattern of somepattern in L.



We will show that csp(L) and cspc(L9 are polynomial-time equivalent. This, together with
obvious inclusionscsp(L) csp(L9  cspc(L9, will prove the proposition.

As we noticed before this proposition, csp(L) is polynomial-time equivalert to csp¢(L). It
is easyto show that cspc(L) and cspc(L9 are polynomial-time equivalert. Assumethat P =

(tag,+ag; i +ap, byiii; )2 LandQ = (+ap;:ii;+ap, by, by). Clearly the clause
(X2 ax_:ii_Xp @_Xps1 bi_:iii_Xp+rq ly) is obtained by resolution from the clauses
X;=0and(Xy a;_Xz a_:ii_Xp ap_Xpsz bi_:iii_Xpiq by). Similarly, all patterns

obtained from patterns of L by removing one literal can be addedto L, and the new problem will
be equivalent to csp¢(L). Continuing this procedure, we will evertually obtain that csp¢(L) and
cspe(LY are polynomial-time equivalert, which implies that csp(L) and cspc(L9 are equivalert.
2

According to Proposition 5, we can get rid of redundant valuesin the domain. Thus, we
can restrict the csp(L) problemsto the casewhere the clausal languagel is closedunder taking
subpatterns and it contains all unary patterns. Therefore we consider only SU-closed clausal
languages L in the sequel.

4 Complexit y of CSP Problems

Some polynomial caseshave already beenidentied in the literature before without the use of
clausal patterns and languages. The satis abilit y problems for L-formulas built from Horn, dual
Horn, and bijunctiv e clausallanguages respectively, were studied in the framework of many-valued
logics [Hah01] aswell asin the one of constraints [CJJKO00, JC95].

Prop osition 6 (J[CJJKOO, HahOl1l, JC95]) csp(L) for a Horn, dual Horn, or bijunctive clausal
languagelL is decidablein polynomial time.

This result does not prove all polynomial-time decidable casesof csp(L), but it shawvs that
three polynomial-time decidableclassesf Boolean constraint satisfaction problemsextendto nite
totally ordered domains, provided that we usethe clausal patterns paradigm.

As in the Boolean case,it turns out that it is sucient to examine the patterns of length
at most 3 that can be obtained from L (or \implemented" by L, see[CKSO01]). For this reason
we introduce the notion of 3-saturation of a clausal language which is based on the concept of

and Q by resolution.

De nition 7 Let L be an SU-closedclausal language,i.e. a clausallanguageclosedunder taking
subpatterns and cortaining all unary patterns. The 3-saturation of L, denoted by P, cortains all
patterns that can be constructed inductively from L by the following rules:

1. If P2 L andjPj 3,then P 2 P (introduction).

2. If P and Q are patterns in P sudc that jPj+ ]Qj 5, then all resohens of P and Q arein b
(restricted resolution).



Note that due to the restriction, only resohents with a length at most 3 are consideredin the
secondcondition.

Remark 8 Obsenethat P is an SU-closedlanguageand that it can be computed from L in nite
time.

Prop osition 9 csp(P) is reducibleto csp(L) in polynomial time.

Pro of: For ead formula ' (%) over b there exists a formula ' Y%; ¥) over L, such that ' © can
be obtained from ' by means of resolution in polynomial time. It follows from resolution for
many-valued regular logic (and is easyto see)that the formula ' is satis able if and only if ' ©is.
2

We needto analyze carefully which parts of the csp(L) problem are polynomial-time decidable
and which are NP-complete. To this end we needthe concept of disjoint PN-pair.

De nition 10 We call two patterns P and N a PN-pair if P is positive (P = P*), N is negative
(N = N ), one of them has length 2, and the other has length 3. A PN-pair (P;N) is called
disjoin t when max(N) < min(P) holds, otherwiseit is overlapping .

We will perform a reduction from the following well-known problem, which is also known as a
constraint satisfaction problem over the set of Boolean relations for 3 ;or, g with orj = f0;1g° r
f00Qy and or, = fO; 1g? r f11g. Its NP-completenessfollows from Schaefer'sresult [Sth78]. The
problem can alsobe describedascsp(L), wherelL is the clausallanguagef (+1;+1;+1); ( 0; 0)g.

Problem: monotone sat

Input: A Booleanformula' = ¢ » N ¢ in conjunctive normal form, where ead clausec; has
either three positive literals or two negative literals.

Question: Is' satis able?

Prop osition 11 If the 3-saturation P contains a disjoint PN-pair of patterns then csp(L) is NP-
complete.

Pro of: Let P = (+aj;+ay;+az) be a positive pattern of length 3and N = ( by; bp) be the
negative pattern of length 2 in P that constitute the disjoint PN-pair. Let d = max(N). For
eah Boolean L-formula ' we construct an P-formula ' ®in the following way. For ead clause
or3(x;y;z) in ' we put the clauseP(x;y;z) in ' 0 and for eah clauseor, (x;y) in ' we put the
clauseN (x;y) in ' © SinceP and N are disjoint it is easyto ched that ' is satis able if and only
if * %is (intuitiv ely valuessmaller than or equalto d will beidentied to 0, while the others will be

identi ed to 1).
The proof for a positive pattern P of length 2 and a negative pattern N of length 3 follows from
the previous caseby the duality principle. 2

5 Dichotomy Result

We must analyze now the caseswhen the 3-saturation P doesnot cortain a disjoint PN-pair. This
will be done by a caseanalysis.



Case 1. All positive patterns in b have length 1, or dually all negative patterns in b have length 1.
This casecorrespondsto the Horn and dual Horn cases.

Prop osition 12 Let L be an SU-closel clausal language. If all positive (negative) patterns in b
havelength 1 then both L and P are Horn (dual Horn).

Pro of: Supposethat L is not Horn, i.e., there exists a pattern M with at least two positive
literals. The clausal languagel is closedunder subpatterns, therefore there must be a positive
pattern P = (+p1;+p2) in L. SincejPj 3 holds, we have that P 2 P, what is a cortradiction
with the assumption. The result for dual Horn follows from the duality principle. 2

Tractability of the casesconsideredin Proposition 12 follows from Proposition 6.

Case 2: The 3-saturation P cortains at least one positive and one negative pattern of length
greater or equalto 2.

Case?2 splits to the following sub-cases.

Case 2.1: All patterns in P have length smaller or equal to 2.

If all patterns in b have length smaller or equalto 2 then L is bijunctiv e and csp(L) is tractable
by Proposition 6.

Case 2.2: There exists at least one pattern M 2 b of length jMj = 3.

We needto analyze the casewhen there exists a pattern M 2 b of length jMj = 3. This is
the most involved part of the proof. To this end we needto introduce the notions of [a; b]-valid,
[a; b]-satis able, and [a;b]-unsatis able patterns on an interval [a; b.

De nition 13 A pattern M of length k is called [a; b]-valid if every assignmen | :V ! [a;h]

by an assignmen | : V I [a;b], i.e., by an assignmen whoserange is restricted to the interval
[a;b]. M is called [a; b]-unsatis able  when there is no satisfying assignmen | : V ! [a;b] of the

It is clearthat on a given interval [a;b] a pattern M s [a; b]-valid, or [a; b]-satis able, or [a;b]-
unsatis able. Moreover, [a;b]-validity implies [a; b]-satis abilit y. The notion of [a;b]-satis abilit y

whoserangeis not included in the interval [a;b).

Denition 14 Let L be a clausallanguage,sud that P cortains a positive binary and a negative
binary pattern. We call the values

Pmax = maxtmin(P)jP 2 pos, E’g and Onin = minfmax(N)jN 2 neg, E’g



Propagate L: C_x V"X uw! (x u ifu v

Propagate R: C_x urx vw! x v ifu v
Restrict L: C_x uwrx wv)! Crx v) ifu<yv
Restrict R: C_x vwrXx uw! Cr(x u) ifu<v
Con tradiction: x wrx vt 2 fu<v

Figure 1. Formula simpli cation rules

the mark ers of the binary positive and negative patterns in the saturation b, respectively. We
alsocall P = (+ pmax; + Pmax) @and N = (' Omin; Gmnin) the extremal patterns .

Obserne that in Case 2.2 these markers are well-de ned, since there are binary positive and

negative patterns in the 3-saturation b.
Our goalisto presert a polynomial-time algorithm that decidesthe satis abilit y of an L -formula

. This algorithm starts with the following pre-processingstep. From ' we construct a new L -
formula ' © by exhaustive application of the v e rules preserted in Figure 1. Sincetheserules are
con uent and terminating, we can apply them in an arbitrary order and always obtain the unique
normal form ' ©

It is clear that ' ° can be computed from ' in polynomial time. The formulas' and' ©are
logically equivalert, therefore they also have the samesatis abilit y property. Obsere that every
variable in ' 9 occurs at most once in a unary positive (resp. negative) clause. Moreover, if a
variable x occursboth in a positive clause(x u) and in a negative clause(x v), then thesetwo
clausesare compatible, i.e.,u v holds, and both clausesare satis ed by two assignmets | (x) = u
and 1 {x) = v. These obsenations will be usedto justify the correctnessof the polynomial-time
algorithms deweloped in the sequel. Moreover, note that the patterns of all constraints occurring
in * 9belongto L, sincelL is closedunder subpatterns.

Case2.2 splits oncemore. We needto perform a caseanalysison the position of markers of the
binary monotone patterns in b.

Case 2.2.1: Pmax Omin - Obsene that whenthe relation pmax  Gmin holds then there cannot
be a disjoint PN-pair of patterns in L.

Prop osition 15 LetL be an SU-closel clausallanguage,such that P contains a positive binary, a
negative binary, and a ternary pattern. If the markers satisfy pmax  Gmnin, then csp(L) is decidable
in polynomial time.

Pro of: Let' bean L-formula. Transform' to a new L-formula' °by an exhaustive application
of the simpli cation rules from Figure 1. Obsene that all non-unit clausesfrom ' ©are d-valid for
every d 2 [Pmax; Omin]. Indeed, for sake of cortradiction, supposethat there exists a clausec in ',
which is not d-valid for somed 2 [pmax; Omin]- Let M be the pattern assaiated to c¢. Sinceit is not
d-valid, all literals of M must be of the form +p with p> d pmax or gqwith g< d  Qgmin. Mc
cannot be positive sinceotherwise we can producefrom M . by taking subpatterns a positive binary
pattern P = (+ pg;+p2) 2 P with P > pmax for ead i, but this corntradicts the de nition of pmax
and the fact that the SU-closedclausallanguagel is closedunder subpatterns. Dually, M  cannot
be negative since otherwise we could produce a negative binary pattern N = ( q1; ) 2 P with
G < Pmax  Gmin, Which cortradicts the de nition of gmin and the SU-closednesof L. If M. is

10



mixed, we can derive by taking subpatterns a pattern M%= (+p; q) 2 P with < Pmax < P.
There exists by de nition a pattern P1 = (+ Pmax; + P1) 2 b for somep;  Pmax- We obtain by two
resolution stepsfrom M © and P; the pattern Q = (+ p;+p) 2 b, which cortradicts the de nition
of Pmax, Sincep > pmax holds.

The algorithm to nd a satisfying assignmen for ' proceedsas follows. First, it transforms'
to ' Oby an exhaustive application of the rules from Figure 1. If * © contains the empty clause?
then' is unsatis able. Otherwise, assign rst all variablesto an arbitrary but xed d 2 [pmax; Gmin]-
This initial assignmen | (x) = dfor all x 2 V satis es all non-unit clauses,accordingto the previous
obsenation, but not necessarilythe unit ones. If a variable x appearsin a unit clause(x a) (or
X b) not satis ed by I (x) = d, then changethe value of x to a (resp. b).

We needto prove that theseassignmen modi cations do not alter the satisfaction of the non-
unit clauses.Supposethat x occursin ' in a unit positive clause(x  v) which is not not satis ed
by 1(x) = d, i.e., we have v > d. There are three types of clausesin ' ° where the variable x can
occur, namely a negative unit clause(x u), aswell asthe non-unit clauses(C _x u) with u> v
and (C _x u) with u v. A negative unit clause(x u) must be compatible with (x V),
since' °doesnot cortain the empty clause,thusit is satis ed by | (x) = v. The assignmen | (x) = d
doesnot cortribute to the satisfaction of the clause(C _x u) sinced< v u holds. If I (x) = d
satis es the clause(C _ x u) then I (x) = v satis es it, too. Therefore changing the assignme
from I (x) = dto 1 (x) = v will not aect the satis abilit y of the non-unit clauses. 2

Case 2.2.2: Omin < Pmax - In this casethe csp(L) problem can be substartially simplied and
studied on the restricted interval [Omin ; Pmax]-

Lemma 16 Let L be an SU-closel clausal language such that P contains a positive binary, a
negative binary, and a ternary pattern. If P does not contain a disjoint PN-pair and the markers
satisfy the condition gmin < Pmax, then every pattern M 2 L of lengthjM|j  3is [Omin ; Pmax]-valid.

Pro of: Obsene rst that both extremal patterns N = ( Gmin; Omin) @nd P = (+ Pmax; * Pmax)
belong to b. Indeed, by de nition of gmin and pmax, there exist patterns N = ( 1; Gnin) 2
and P = (+p1;+ Pmax) 2 P, where 0. Omin < Pmax  P1 holds. We can produce both extremal
patterns P and N by two resolution stepsfrom P and N .

Supposethat there exists a pattern M 2 L of length jMj 3, which is not [qmin; Pmax]-valid.
This meansthat M cortains only the literals bwith b< pphax and +a with a > gmin.

Let M be positive, i.e., M = (+az;:::;+ak), where k 3 and a > Omin holds for all i.
Then the subpattern M3 = (+ aj; +ap; + ag) belongsto b, and together with N = ( Gmin; Omin)
forms a disjoint PN-pair, which is a contradiction with the assumption. Let M be negative, i.e.,

M = ( by b), wherek 3 and b < pmax holds for all i. Then, the subpattern M5 =
( by; bp; bg) belongsto b, and together with P = (+ Pmax; + Pmax) forms a disjoint PN-pair,
which is once more a corntradiction with the assumption. Let M = (+aj;:::;+tax; by b)
be mixed, wherek + © 3, & > Omin, and Iy < pmax hold for all i; j. Then either the subpattern

M3 = (+ay;+ap; by) or the subpattern M3 = (+a;; by; bp) belongsto b. Thus, by repeated
resolution of M3 and P we can produce the positive pattern M = (+ a1; + Pmax; + Pmax), Where
a1 > Omin and pmax > Gmin hold. This leadsto a contradiction as before. 2
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Lemma 17 Let L be an SU-closel clausal language such that P contains a positive binary, a
negative binary, and a ternary pattern. If P does not contain a disjoint PN-pair and the markers
satisfy the condition Omin < Pmax., then every binary pattern in L iS [Qmin; Pmax]-Satis able.

Propof: Recall that both extremal patterns N = ( Gnin; Omin) @nd P = (+ Pmax; + Pmax) belong
to B.

Let P = (+a;+b) 2 L beapositive pattern with a b. P belongsto P.Ifa Omin holdsthen P
iS [Omin ; Pmax]-valid and therefore also [gmin ; Pmax]-Satis able. The pattern Q = (  Omin; + Pmax) IS @
resohent of the extremal patterns P = (+ Pmax; * Pmax) @d N = ( Omin; Omin) SiINC€0min < Pmax
holds. If gmin < @  Pmax holds then we obtain Q°= (+ b;+ pmax) by resolution from P and Q . By
resolution from Q%and N we get Q%= (+b; gmin). Another resolution step between Q® and Q%
givesQy = (+b;+b). If b> pmax then this cortradicts the de nition of pmax, therefore we must
have b pmax and [a;b]  [Gmin; Pmax]- In this case,P is [Gmin; Pmax]-Satis able. The sameresult
holds by duality for negative binary patterns in L.

LetM = ( a;+tb)2L.Ifa Pmax Or b Qgnin hold then M is [Omin ; Pmax]-valid and therefore
also [Gmin; Pmax]-satis able. If a < pmax and b > gmin hold then we need a supplemenary case
analysis. If a Omnin @and b pmax then the interval [a;b] or [b;a], depending whether a < b or
b a, isincluded in [Omin; Pmax] @and therefore M is [Omin ; Pmax]-satis able. If a < gmin then we can
produce by resolution from M and N = ( Gmin; Omin) the pattern Q = ( @; qmin), followed by
two additional resolution stepsas above, which give Qy = ( a; a), what cortradicts the de nition
Of Omin. If b> pmax holds then we can produce by resolution from M and P = (+ Pmax; + Pmax)
the pattern Q° = (+ pmax;+ D), followed by two additional resolution steps as above, which give
Qy = (+ b;+b), what contradicts the de nition of pmax. 2

Prop osition 18 Let L be an SU-closa clausal languagesuch that P contains a positive binary, a
negative binary, and a ternary pattern. If P does not contain a disjoint PN-pair and the markers
satisfy the condition gmin < Pmax, then csp(L) is decidablein polynomial time.

Pro of: The algorithm to nd a satisfying assignmen for ' in polynomial time proceedsasfollows.
First, it transforms' to ' ?by an exhaustive application of the rules from Figure 1. If ' 9 contains
the empty clause? then' is unsatis able. Otherwise, construct the sub-formula ' 3 consisting of
all [Omin ; Pmax]-Satis able clausesfrom ' ®which are not [Omin ; Pmax]-valid. According to Lemmas 16
and 17,"' 5 is bijunctiv e, i.e., it cortains only unit and binary clauses,and thereforeits satis abilit y

is decidablein polynomial time. Find a satisfying assignmem for ' 5 on the interval [Qmin ; Pmax]-
The remaining clausesin ' Care either \big" clausesi.e., of length 3 or more, binary clauses,or unit

clauses. The rst two typesare [Ogmin; Pmax]-valid, sothe computed satisfying assignmen satis es
them. What remains are [gmin ; Pmax ]-unsatis able unit clauses.

As in the proof of Proposition 15, we change the values of the concernedvariables, setting

I (x) = v if either x vV or X V is a [Omin ; Pmax]-unsatis able clausein ' © Once more, by
construction of ' ?for the samereasonasin the proof of Proposition 15, this changedoesnot alter

the satisfaction of the already satis ed clauses.Supposethat x occursin ' %in a unit positive clause
(x  v) which is not satised by I (x) = d, i.e., we have v > d. There are three typesof clauses
in ' ®wherethe variable x can occur, namely a negative unit clause(x u), aswell asthe non-unit

clauses(C _x u) with u> vand (C_x u) with u v. A negative unit clause(x u)

must be compatible with (x V), since' °doesnot cortain the empty clause,thusit is satis ed by
I (x) = v. The assignmen | (x) = d doesnot cortribute to the satisfaction of the clause(C_x u)
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sinced< v u holds. If 1 (x) = d satis es the clause(C _ x u) then I (x) = v satis es it, too.
Therefore changing the assignmen from 1 (x) = d to I (x) = v will not a ect the satis abilit y of
the non-unit clauses. 2

To the bestof our knowledge, the tractable caseddenti ed by meansof Proposition 18 are new.
The following theorem follows from Propositions 11, 12, 15, and 18.

Theorem 19 (Dic hotom y Theorem) Let L be an SU-closa clausal language. If the satura-
tion P does not contain a disjoint PN-pair then csp(L) is decidablein polynomial time, otherwise
csp(L) is NP-complete.

Example 20 Considerthe SU-closedclausallanguage

L = fC 0) ( 1) (+1); (+2);
(+1; 0); (+1;+1); ( 1, 1); (+2;+2);
(+1;+1;+1)g

over the 3-elemen domain D = f0;1;2g. The only endomorphismof L is the identity. The 3-
saturation P of L is then equalto L[ f(+2; 1); (+1;+2); (+1; 1)g. Thereis no disjoint PN-pair
in P, therefore csp(L) is polynomial-time decidable.

6 Concluding Remarks

We preserted a complexity analysis of the constraint satisfaction problems over nite totally or-
dered domains, based on the new concept of clausal patterns. We derived decidable conditions
for CSP problems implying either NP-completenessor polynomial-time satis abilit y. In fact, our
polynomial-time casesgeneralizethe previously known characterization through Horn, dual Horn,
bijunctiv e, 0- and 1-valid Boolean relations. Not surprisingly the 3-saturation concept allows us
to decide algorithmically the dividing condition betweenthe tractable and intractable instances.
The result is a dichotomy theorem applicable to the CSP problems over totally ordered domains of
arbitrary cardinality.

By combining tractabilit y results from the paper with the algebraic approad, it is possible
to obtain many more tractable (non-clausal) CSPs. We leave this as an open problem | to
characterize tractable (non-clausal) constraint languagesthat can be generatedfrom clausal ones.
This would actually amournt to describing tractable clausal languagesalgebraically Our CSP
problems are somewhat orthogonal to the relationally de ned ones. On one hand we obtained a
dichotomy theorem, on the other hand relations can expressmuch more constraints than clauses,
so our classi cation is coarser. Another possible extension of our researt is to consider clausal
patterns over a partially rather than totally ordered domain. We beliewe that the results preseried
in this paper can be generalizedto this more generalcase.

Acknowledgmen t.  We sincerelythank Julien Demouth for proofreadingthe paper and pointing
out seeral writing errors.
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