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Abstract

We investigate the complexity of the satis�abilit y problem of constraints over �nite totally
ordered domains. In our context, a clausal constraint is a disjunction of inequalities of the
form x � d and x � d. We classify the complexity of constraints basedon clausal patterns. A
pattern abstracts away from variablesand contains only information about the domain elements
and the type of inequalities occurring in a constraint. Every �nite set of patterns givesrise to
a (clausal) constraint satisfaction problem in which all constraints in instancesmust have an
allowed pattern. We prove that every such problem is either polynomially decidable or NP-
complete, and give a polynomial-time algorithm for recognizing the tractable cases. Someof
thesetractable casesare new and have not beenpreviously identi�ed in the literature.

1 In tro duction

Research in complexity of constraint satisfaction problems (CSP) gained a considerableinterest in
the recent years. The �rst complete classi�cation by meansof a dichotomy theorem for Boolean
CSP of Schaefer [Sch78] has been followed in the last decadeby an intensive e�ort to extend his
result to larger domains. Feder and Vardi [FV98] conjectured that a dichotomy theorem holds for
every �nite domain. This conjecture has been partially con�rmed in 2002 when Bulatov [Bul02]
proved a dichotomy theorem for the 3-element domain. The problem remains open for domains of
higher cardinality. Confronted with the di�cult y of the main goal, researchersstarted to investigate
CSP problems with additional structure, like list constraints or conservative constraints [Bul03].
The e�ort has been pursued along several lines: one of them applies methods from universal
algebra [BJK05, Bul02, Bul03], the other one is oriented towards graph theoretic methods [FV98,
HN04], and there is also a �nite model theory approach [Dal02, FV98, KV00].
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Dichotomy results are important in computational complexity. Ladner proved in [Lad75] that
there exists an in�nite hierarchy between the classP of polynomial-time decidable problems and
NP-completeproblems,provided that P 6= NP. On the other hand, a dichotomy theoremstatesthat
a consideredconstraint satisfaction problem is either polynomial-time decidable or NP-complete,
dependingon a parameter usually presented in the form of a �nite set of relations.. This meansthat
dichotomy results are not at all obvious and should constitute an exception under the hypothesis
that P 6= NP.

In this paper weconsiderconstraint satisfaction problemsinspired by many-valuedlogic. In fact,
we take for basisof our research the regular signedlogic [H•ah01], wherethe underlying �nite domain
is totally ordered, i.e., is a chain. This logic provides us with the concept of literal, clause, and
formula, which extend naturally from the Boolean domain. Moreover, the well-known polynomial-
time decidablesatis�abilit y cases,namely Horn, dual Horn, bijunctiv e, 0- and 1-valid preserve their
good complexity properties. The cornerstone of our approach is the concept of clausal pattern,
which is an abstraction of all clausesof certain type. Thesepatterns correspond, roughly speaking,
to constraints in the algebraic approach. Finite setsof patterns constitute clausal languagesupon
which we construct formulas, whosesatis�abilit y are at the heart of our CSP problems. Naturally ,
these CSP problems are parametrized by clausal languages. Di�eren t clausal languageslead to
CSP problemsof di�eren t complexity. First, we get rid of the redundant valuesin the domain, and
thus concentrate on clausal languagesclosed under taking subpatterns and containing all unary
clauses. Next, to be able to compare clausal languagesand subsequently the complexity of the
induced CSP problems, we build 3-saturations by meansof resolution and subpatterns. Roughly
speaking, the 3-saturation of a clausal languageL gives all patterns of length at most 3 that can
be \implemented" by L , thus measuringthe expressive power of L .

We �rst derive the exact condition for NP-completeCSP problems,followed by a careful and ex-
haustive analysison the patterns occurring in the saturation, which provide us with the polynomial-
time decidablecases.Weobtain a dichotomy theoremfor any cardinality of the �nite totally ordered
domain, where the previously known four polynomial-time decidable caseskeep their complexity.
Moreover, we discover new polynomial-time decidablecases,which are absent from Boolean CSP
problems. We present an algorithm computing a satisfying assignment of a formula, if it exists, by a
uni�ed approach for all polynomial-time decidablecases.Hence,we obtain a completeclassi�cation
of many-valued logics-basedCSP problems over �nite totally ordered domains.

2 Preliminaries

Let D be a �nite chain, say D = f 0; 1; : : : ; n � 1g with the total order 0 < 1 < � � � < n � 1, called a
domain, and let V be a set of variables. For x 2 V and d 2 D, the inequalities x � d and x � d are
called positive and negative literal, respectively. A clause is a disjunction of literals. As usually, an
interval [a;b] denotesthe subsetof valuesf x 2 D j a � x � bg.

A clausal pattern, or pattern for short, is a multiset 1 of the form

P = (+ a1; : : : ; + ap; � b1; : : : ; � bq);

where p;q 2 N and ai , bi are values from the domain D , for all i . The + ai 's are called posi-
tiv e literals, the � bi 's negative literals. The sum p + q, also denoted by jP j, is the length of the

1A multiset (also called bag) is a set with repetitions.
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pattern. If P and Q are patterns and all literals of P occur in Q then P is called a subpattern
of Q. A clausal languageL is a �nite set of clausal patterns, with arities not necessarilyequal.
We denote by P + and P � the positive and negative parts, respectively, of the pattern P, i.e.,
P+ = (+ a1; : : : ; + ap) and P � = (� b1; : : : ; � bq). We denote by min(P + ) = minf a1; : : : ; apg and
max(P � ) = maxf b1; : : : ; bqg the minimum and maximum valuesof the parts P + and P � , respec-
tiv ely. We denote by pos̀ (L ) = f P 2 L j P = P + ; jP j = `g and neg̀ (L ) = f N 2 L j N =
N � ; jN j = `g the set of all positive and negative patterns of length ` in L , respectively.

Given a clausal languageL and a set of variables V , an L-clause is a pair (P; ~x), where P 2 L
is a pattern and ~x is a vector of not necessarilydistinct variables from V , such that jP j = j~xj. A
pair (P; ~x) with a pattern P = (+ a1; : : : ; + ap; : : : ; � b1; : : : ; � bq) and variables ~x = (x1; : : : ; xp+ q)
represents the clausecP = (x1 � a1 _ � � � _ xp � ap _ xp+1 � b1 _ � � � _ xp+ q � bq). We will use
the more conventional notation P(~x) instead of (P; ~x). An L-formula, or formula for short, is a
conjunction of a �nite number of L -clauses.We denote by ' (x 1; : : : ; xk ) that the variables x1, . . . ,
xk occur in ' , �xing also implicitly their sequence.

An assignmentis a mapping I : V ! D assigninga domain element I (x) to each variable x 2 V .
The satisfaction relation I j= ' is de�ned as follows:

� I j= true and I 6j= false;

� I j= x � d if I (x) � d;

� I j= x � d if I (x) � d;

� I j= ' ^  if I j= ' and I j=  ;

� I j= ' _  if I j= ' or I j=  .

If I j= ' holds, we say that I satis�es ' .
It can be easily seenthat the literals +0 and � (n � 1) are super
uous since the inequalities

x � 0 and x � n � 1 are always satis�ed. We call these literals trivial , contrary to the non-trivial
literals +1, . . . , +( n � 1) and � 0, . . . , � (n � 2). Without lossof generality, it is su�cien t to only
considerpatterns and clausal languageswith non-trivial literals.

A clausal pattern P = (+ a1; : : : ; + ap; � b1; : : : ; � bq) is said to be

� Horn if p � 1,

� dual Horn if q � 1,

� bijunctive if p + q � 2 and binary if p + q = 2,

� d-valid if d � min(P + ) or d � max(P � ),

� positive if p > 0 and q = 0 (i.e., P = P + ),

� negative if p = 0 and q > 0 (i.e., P = P � ),

� monotone if it is positive or negative,

� mixed if p > 0 and q > 0.
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Note that if ~x is any vector of variables such that j~xj = jP j, then the pattern P is d-valid if and
only if P(~x) is satis�ed by the constant assignment I (x) = d for all x 2 ~x. A clausal languageL
is Horn, dual Horn, bijunctiv e, or d-valid, respectively, if every pattern in L has the corresponding
property.

A relation R of arit y k over a �nite domain D is a subsetR � D k . A vector m 2 R belonging
to R is denoted by m = (m[1]; : : : ; m[k]), where m[i ] is the value of m at the i -th coordinate. Each
L-formula ' givesrise to a corresponding relation

Sol(' (x1; : : : ; xk )) = f (I (x1); : : : ; I (xk )) j I j= ' g

produced by the set of assignments I satisfying ' .
Let R � D k be a relation of arit y k over the domain D and f : D ! D be a unary function.

The image of the relation R under the function f is the set of vectors

f (R) = f (f (m[1]); : : : ; f (m[k])) j m 2 Rg

of arit y k. We say that the relation R is closed under f if the inclusion f (R) � R holds.
In the sequelwe needthe image of clausal patterns under unary functions. Let P be a clausal

pattern of length k over the domain D and f : D ! D be a unary function. The image of the
pattern P under the function f is the relation

f (P) = f f (m) j m 2 Sol(P(x1; : : : ; xk ))g:

We say that a pattern P is closed under f if the inclusion f (P) � Sol(P(x 1; : : : ; xk )) holds. In this
case,f is called an endomorphism (or unary polymorphism) of P. A unary function f is called
an endomorphismof a clausal languageL if the inclusion f (P) � Sol(P(x 1; : : : ; xk )) holds for each
P 2 L.

Let f : D ! D be a unary function de�ned on the domain D . We denotethe rangeof f by f (D )
and the k-fold composition of f by f k (de�ned recursively as f 1 = f and f k+1 = f k � f ).

3 Constrain t Satisfaction Problems

Given a clausal languageL , the constraint satisfaction problem over L is de�ned as follows.

Problem: csp(V; D ; L )
Input: An L-formula ' over a �nite totally ordered domain D and variables V .
Question: Is ' satis�able?

If the domain D and variables V are implicitly clear, we write csp(L ) instead of csp(V; D ; L ).
In this section we will show that, in order to classify the complexity of problems csp(L ), it is

su�cien t to do this for languageswhich contain all unary patterns and are closed under taking
subpatterns.

Lemma 1 Let L be a clausal language,suchthat the positive literal + a for somea 2 f 1; : : : ; n � 1g
(or the negative literal � b for someb 2 f 0; : : : ; n � 2g) does not occur in any pattern of L . Then
there exist a clausal languageL 0 on the domain D r f ag (or D r f bg), suchthat csp(L ) and csp(L 0)
are polynomial-time equivalent.
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Pro of: Assumethat the positive literal + a for somea 2 f 1; : : : ; n � 1g does not appear in any
pattern in L (the caseof � b is very similar). Let D 0 = D r f ag be the new domain. For every
pattern P 2 L, let P 0 be a pattern on D 0 obtained from P by replacing each literal � a (if there are
any) by � (a � 1). Set L 0 = f P0 j P 2 Lg. We claim that csp(L ) and csp(L 0) are polynomial-time
equivalent.

If ' is an instance of csp(L ) then let the instance ' 0 of csp(L 0) be obtained by replacing each
pattern P in it by the corresponding pattern P 0while keepingthe samevariables. If I is a satisfying
assignment to ' and I (x) = a holds for somevariable x then this assignment, but with I (x) = a� 1,
would still satisfy all clausesin ' (we use here the linearity of order and the fact that the literal
x � a is not present in ' ). Doing this for every variable x with I (x) = a, we get a satisfying
assignment to ' which doesnot usea. It is easyto seethat this assignment will also be a solution
to ' 0. On the other hand, if I 0 is a satisfying assignment to ' 0 then it is also a solution to ' .

The reduction from csp(L 0) to csp(L ) is similar. For every pattern P 0 in L 0, �x a pattern P 2 L
such that P 0 is obtained from P by replacing each literal � a (if there are any) by � (a � 1). The
reduction is simply the inversemapping to the previous one. 2

Remark 2 It follows from the de�nitions that if f is an endomorphismof L and I is a satisfying
assignment to an instance of csp(L ) then f � I also satis�es the instance. In particular, every
satis�able instance of csp(L ) has a solution using only valuesfrom f (D ).

Lemma 3 Let L be a clausal languagethat has an endomorphismf which is not a permutation.
Then there exist a clausal languageL 0 on a smaller domain such that csp(L ) and csp(L 0) are
polynomial-time equivalent.

Pro of: It is easy to seethat for any k the iterated function f k is also an endomorphism and
that for somek the mapping f k acts identically on its range, i.e., that f k(a) = a holds for every
a 2 f k(D ). Without lossof generality, we may assumethat already the unary function f has this
property. Since f is not a permutation, we can �nd an element b 2 D which is not in the range
of f , i.e., such that b 62f (D ). Let f (b) = a for somea 2 f (D ). We have either a < b or a > b. We
perform the proof only for the casea < b, sincethe other one is similar.

Let D = f 0; : : : ; n � 1g be the domain. We needa caseanalysis corresponding to the position
of b in D . If b = n � 1 then every satis�able instance of csp(L ) has a solution over f 0; : : : ; n � 2g
according to Remark 2. So we can simply remove n � 1 from D and all occurrencesof n � 1 from
the patterns in L . Clearly this leadsto an equivalent problem over a smaller domain.

Let b < n � 1. For every pattern P 2 L, let P 00be a pattern obtained from P by replacing
each literal + b (if there are any) by +( b + 1). Set L 00= f P00 j P 2 Lg. We claim that csp(L )
and csp(L 00) are polynomial-time equivalent. Since f is also an endomorphism of L 00, following
Lemma 1 every satis�able instanceof csp(L 00) hasa satisfying assignment I : V ! f (D ) using only
values from the range of f . Clearly, changing all literals of the form x � b to x � b+ 1 does not
a�ect the satis�abilit y of instancesof csp(L ). 2

By Lemmas 1 and 3, in order to classify the complexity of problems csp(L ), it is su�cien t to
consider only clausal languagesL whoseall endomorphismsare permutations and such that each
non-trivial literal is present in somepattern in L . To further restrict the classof clausal languages,
we need to temporarily extend the type of constraints under consideration by allowing not only
constraints given by patterns from L, but also constant constraints, i.e., constraints of the form
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x = a where x is a variable and a is an element from D. For a clausal languageL , let csp c(L )
denote the extended problem csp(L ) in which arbitrary constant constraints are also allowed in
instances.

With respect to Corollary 4.8 in [BJK05] (or by Theorem 3.7 in [BJK99]), csp(L ) and csp c(L )
are polynomial-time equivalent, whenever all endomorphismsof a clausal languageL are permuta-
tions.

De�nition 4 We call a clausal languageL SU-closed , if it is closedunder taking subpatterns and
it contains all non-trivial unary patterns, i.e., if it satis�es the following conditions:

1. If P 2 L and P 0 is a subpattern of P then P 0 2 L.

2. (+ d) 2 L for all d 2 f 1; : : : ; n � 1g.

3. (� d) 2 L for all d 2 f 0; : : : ; n � 2g.

Prop osition 5 For any clausal languageL over a �xed domain D there existsan SU-closed clausal
languageL 0, suchthat csp(L ) and csp(L 0) are polynomial-time equivalent and L 0 can be constructed
from L in time polynomial in the size of L .

Pro of: First, we describe a polynomial-time algorithm which �nds a non-surjective endomorphism
of L or shows that such an endomorphismdoesnot exist. Let

P = (+ a1; : : : ; + ap; � b1; : : : ; � bq)

bea pattern in L and RP = Sol(P(x1; : : : ; xp+ q)) be the corresponding relation on D. By de�nition,
a unary function f on D is not an endomorphism of RP if and only if there exists a vector
m = (m1; : : : ; mp; m0

1; : : : ; m0
q) 2 RP , such that f (m) 62RP , i.e., if and only if the following

conditions hold:

1. There exists an i , such that i 2 f 1; : : : ; pg and m i � ai or i 2 f 1; : : : ; qg and m0
i � bi .

2. For all j 2 f 1; : : : ; pg we have f (m j ) < aj .

3. For all j 2 f 1; : : : ; qg we have f (m0
j ) > bj .

Clearly, for any given f , the above conditions can be veri�ed in linear time. SinceD is �xed, the
number of possibleunary functions on D is a constant. So the algorithm simply checks for each
possiblenon-surjective unary function f , whether f is an endomorphism of relation RP for each
pattern P 2 L.

Using the above algorithm, we can detect non-surjective endomorphismsof L . If f is such
an endomorphismand b is an element absent from the range of f then we follow the (linear-time)
proceduresfrom the proofsof Lemmas1 and 3 to obtain an equivalent languageover domain D r f bg.
We perform these steps until all endomorphismsof the obtained languageare permutations, i.e.,
at most jD j times.

By Lemmas 1 and 3, we may assumethat all endomorphismsof L are permutations and that
each non-trivial literal is present in somepattern in L . We will show that the languageL 0 obtained
from L by adding all unary patterns together with all subpatterns of the patterns in L is the
required language. Note that every unary pattern is a subpattern of somepattern in L .
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We will show that csp(L ) and cspc(L 0) are polynomial-time equivalent. This, together with
obvious inclusions csp(L ) � csp(L 0) � cspc(L 0), will prove the proposition.

As we noticed before this proposition, csp(L ) is polynomial-time equivalent to csp c(L ). It
is easy to show that cspc(L ) and cspc(L 0) are polynomial-time equivalent. Assume that P =
(+ a1; + a2; : : : ; + ap; � b1; : : : ; � bq) 2 L and Q = (+ a2; : : : ; + ap; � b1; : : : ; � bq). Clearly the clause
(x2 � a2 _ : : : _ xp � ap _ xp+1 � b1 _ : : : _ xp+ q � bq) is obtained by resolution from the clauses
x1 = 0 and (x1 � a1 _ x2 � a2 _ : : : _ xp � ap _ xp+1 � b1 _ : : : _ xp+ q � bq). Similarly, all patterns
obtained from patterns of L by removing one literal can be added to L , and the new problem will
be equivalent to cspc(L ). Continuing this procedure,we will eventually obtain that cspc(L ) and
cspc(L 0) are polynomial-time equivalent, which implies that csp(L ) and cspc(L 0) are equivalent.
2

According to Proposition 5, we can get rid of redundant values in the domain. Thus, we
can restrict the csp(L ) problems to the casewhere the clausal languageL is closedunder taking
subpatterns and it contains all unary patterns. Therefore we consider only SU-closed clausal
languages L in the sequel .

4 Complexit y of CSP Problems

Some polynomial caseshave already been identi�ed in the literature before without the use of
clausal patterns and languages. The satis�abilit y problems for L -formulas built from Horn, dual
Horn, and bijunctiv e clausal languages,respectively, werestudied in the framework of many-valued
logics [H•ah01] as well as in the one of constraints [CJJK00, JC95].

Prop osition 6 ([CJJK00, H •ah01 , JC95]) csp(L ) for a Horn, dual Horn, or bijunctive clausal
languageL is decidable in polynomial time.

This result does not prove all polynomial-time decidable casesof csp(L ), but it shows that
three polynomial-time decidableclassesof Booleanconstraint satisfaction problemsextend to �nite
totally ordered domains, provided that we usethe clausal patterns paradigm.

As in the Boolean case, it turns out that it is su�cien t to examine the patterns of length
at most 3 that can be obtained from L (or \implemented" by L , see[CKS01]). For this reason
we introduce the notion of 3-saturation of a clausal language which is based on the concept of
pattern resolution. Let P = (v1; : : : ; vp; + a) and Q = (� b;v0

1; : : : ; v0
q) be two patterns, such that P

contains a positive literal + a and Q a negative literal � b, satisfying b < a. Then the pattern
R = (v1; : : : ; vp; v0

1; : : : ; v0
q) is called a resolvent of P and Q. We say that R is obtained from P

and Q by resolution.

De�nition 7 Let L be an SU-closedclausal language,i.e. a clausal languageclosedunder taking
subpatterns and containing all unary patterns. The 3-saturation of L , denotedby bL , contains all
patterns that can be constructed inductiv ely from L by the following rules:

1. If P 2 L and jP j � 3, then P 2 bL (introduction).

2. If P and Q are patterns in bL such that jP j + jQj � 5, then all resolvents of P and Q are in bL
(restricted resolution).
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Note that due to the restriction, only resolvents with a length at most 3 are consideredin the
secondcondition.

Remark 8 Observe that bL is an SU-closedlanguageand that it can be computed from L in �nite
time.

Prop osition 9 csp( bL) is reducible to csp(L ) in polynomial time.

Pro of: For each formula ' (~x) over bL there exists a formula ' 0(~x; ~y) over L , such that ' 0 can
be obtained from ' by means of resolution in polynomial time. It follows from resolution for
many-valued regular logic (and is easyto see)that the formula ' is satis�able if and only if ' 0 is.
2

We needto analyzecarefully which parts of the csp(L ) problem are polynomial-time decidable
and which are NP-complete. To this end we needthe concept of disjoint PN-pair.

De�nition 10 We call two patterns P and N a PN-pair if P is positive (P = P + ), N is negative
(N = N � ), one of them has length 2, and the other has length 3. A PN-pair (P; N ) is called
disjoin t when max(N ) < min(P) holds, otherwise it is overlapping .

We will perform a reduction from the following well-known problem, which is also known as a
constraint satisfaction problem over the set of Boolean relations f or +

3 ; or �
2 g with or +

3 = f 0; 1g3 r
f 000g and or �

2 = f 0; 1g2 r f 11g. Its NP-completenessfollows from Schaefer's result [Sch78]. The
problem can alsobe described ascsp(L ), whereL is the clausal languagef (+1 ; +1 ; +1) ; (� 0; � 0)g.

Problem: monotone sat
Input: A Boolean formula ' = c1 ^ � � � ^ ck in conjunctive normal form, where each clauseci has
either three positive literals or two negative literals.
Question: Is ' satis�able?

Prop osition 11 If the 3-saturation bL contains a disjoint PN-pair of patterns then csp(L ) is NP-
complete.

Pro of: Let P = (+ a1; + a2; + a3) be a positive pattern of length 3 and N = (� b1; � b2) be the
negative pattern of length 2 in bL that constitute the disjoint PN-pair. Let d = max(N ). For
each Boolean L-formula ' we construct an bL-formula ' 0 in the following way. For each clause
or +

3 (x; y; z) in ' we put the clauseP(x; y; z) in ' 0 and for each clauseor �
2 (x; y) in ' we put the

clauseN (x; y) in ' 0. SinceP and N are disjoint it is easyto check that ' is satis�able if and only
if ' 0 is (intuitiv ely valuessmaller than or equal to d will be identi�ed to 0, while the others will be
identi�ed to 1).

The proof for a positive pattern P of length 2 and a negative pattern N of length 3 follows from
the previous caseby the dualit y principle. 2

5 Dic hotom y Result

We must analyzenow the caseswhen the 3-saturation bL doesnot contain a disjoint PN-pair. This
will be done by a caseanalysis.
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Case 1: All positivepatterns in bL have length 1, or dually all negative patterns in bL have length 1.

This casecorresponds to the Horn and dual Horn cases.

Prop osition 12 Let L be an SU-closed clausal language. If all positive (negative) patterns in bL
have length 1 then both L and bL are Horn (dual Horn).

Pro of: Suppose that L is not Horn, i.e., there exists a pattern M with at least two positive
literals. The clausal languageL is closed under subpatterns, therefore there must be a positive
pattern P = (+ p1; + p2) in L . Since jP j � 3 holds, we have that P 2 bL , what is a contradiction
with the assumption. The result for dual Horn follows from the dualit y principle. 2

Tractabilit y of the casesconsideredin Proposition 12 follows from Proposition 6.

Case 2: The 3-saturation bL contains at least one positive and one negative pattern of length
greater or equal to 2.

Case2 splits to the following sub-cases.

Case 2.1: All patterns in bL have length smaller or equal to 2.

If all patterns in bL have length smaller or equal to 2 then L is bijunctiv e and csp(L ) is tractable
by Proposition 6.

Case 2.2: There exists at least one pattern M 2 bL of length jM j = 3.

We need to analyze the casewhen there exists a pattern M 2 bL of length jM j = 3. This is
the most involved part of the proof. To this end we need to introduce the notions of [a;b]-valid,
[a;b]-satis�able, and [a;b]-unsatis�able patterns on an interval [a;b].

De�nition 13 A pattern M of length k is called [a; b]-valid if every assignment I : V ! [a;b]
satis�es the clauseM (x1; : : : ; xk ), i.e., if every assignment whoserange is restricted to the interval
[a;b] satis�es M (x1; : : : ; xk ). M is called [a; b]-satis�able if the clauseM (x1; : : : ; xk ) is satis�able
by an assignment I : V ! [a;b], i.e., by an assignment whose range is restricted to the interval
[a;b]. M is called [a; b]-unsatis�able when there is no satisfying assignment I : V ! [a;b] of the
clauseM (x1; : : : ; xk ), i.e., when there is no assignment restricted to the interval [a;b] that satis�es
M (x1; : : : ; xk ).

It is clear that on a given interval [a;b] a pattern M is [a;b]-valid, or [a;b]-satis�able, or [a;b]-
unsatis�able. Moreover, [a;b]-validit y implies [a;b]-satis�abilit y. The notion of [a;b]-satis�abilit y
of M meansthat every satisfying assignment of M (x1; : : : ; xk ) can be restricted to the valuesfrom
the interval [a;b], contrary to the [a;b]-unsatis�able patterns. It should also be clear that a pat-
tern M can be [a;b]-unsatis�able even if the clauseM (x1; : : : ; xk ) is satis�able by an assignment I
whoserange is not included in the interval [a;b].

De�nition 14 Let L be a clausal language,such that bL contains a positive binary and a negative
binary pattern. We call the values

pmax = maxf min(P) j P 2 pos2
bLg and qmin = minf max(N ) j N 2 neg2

bLg
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Propagate L: (C _ x � v) ^ (x � u) ! (x � u) if u � v
Propagate R: (C _ x � u) ^ (x � v) ! (x � v) if u � v
Restrict L: (C _ x � u) ^ (x � v) ! C ^ (x � v) if u < v
Restrict R: (C _ x � v) ^ (x � u) ! C ^ (x � u) if u < v
Con tradiction: (x � u) ^ (x � v) ! ? if u < v

Figure 1: Formula simpli�cation rules

the mark ers of the binary positive and negative patterns in the saturation bL , respectively. We
also call P� = (+ pmax ; + pmax ) and N � = (� qmin ; � qmin ) the extremal patterns .

Observe that in Case2.2 these markers are well-de�ned, since there are binary positive and
negative patterns in the 3-saturation bL .

Our goal is to present a polynomial-time algorithm that decidesthe satis�abilit y of an L-formula
' . This algorithm starts with the following pre-processingstep. From ' we construct a new L-
formula ' 0 by exhaustive application of the �v e rules presented in Figure 1. Since these rules are
con
uent and terminating, we can apply them in an arbitrary order and always obtain the unique
normal form ' 0.

It is clear that ' 0 can be computed from ' in polynomial time. The formulas ' and ' 0 are
logically equivalent, therefore they also have the samesatis�abilit y property. Observe that every
variable in ' 0 occurs at most once in a unary positive (resp. negative) clause. Moreover, if a
variable x occursboth in a positive clause(x � u) and in a negative clause(x � v), then thesetwo
clausesare compatible, i.e., u � v holds, and both clausesare satis�ed by two assignments I (x) = u
and I 0(x) = v. These observations will be used to justify the correctnessof the polynomial-time
algorithms developed in the sequel. Moreover, note that the patterns of all constraints occurring
in ' 0 belong to L , sinceL is closedunder subpatterns.

Case2.2 splits oncemore. We needto perform a caseanalysison the position of markersof the
binary monotone patterns in bL .

Case 2.2.1: pmax � qmin . Observe that when the relation pmax � qmin holds then there cannot
be a disjoint PN-pair of patterns in L .

Prop osition 15 Let L be an SU-closed clausal language,such that bL contains a positive binary, a
negative binary, and a ternary pattern. If the markers satisfy pmax � qmin , then csp(L ) is decidable
in polynomial time.

Pro of: Let ' be an L-formula. Transform ' to a new L-formula ' 0 by an exhaustive application
of the simpli�cation rules from Figure 1. Observe that all non-unit clausesfrom ' 0 are d-valid for
every d 2 [pmax ; qmin ]. Indeed, for sake of contradiction, supposethat there exists a clausec in ' ,
which is not d-valid for somed 2 [pmax ; qmin ]. Let M c be the pattern associated to c. Sinceit is not
d-valid, all literals of M c must be of the form + p with p > d � pmax or � q with q < d � qmin . M c

cannot be positive sinceotherwisewe can producefrom M c by taking subpatterns a positive binary
pattern P = (+ p1; + p2) 2 bL with pi > pmax for each i , but this contradicts the de�nition of pmax

and the fact that the SU-closedclausal languageL is closedunder subpatterns. Dually, M c cannot
be negative sinceotherwise we could produce a negative binary pattern N = (� q1; � q2) 2 bL with
qi < pmax � qmin , which contradicts the de�nition of qmin and the SU-closednessof L . If M c is
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mixed, we can derive by taking subpatterns a pattern M 0 = (+ p; � q) 2 bL with q < pmax < p.
There exists by de�nition a pattern P1 = (+ pmax ; + p1) 2 bL for somep1 � pmax . We obtain by two
resolution steps from M 0 and P1 the pattern Q = (+ p;+ p) 2 bL , which contradicts the de�nition
of pmax , sincep > pmax holds.

The algorithm to �nd a satisfying assignment for ' proceedsas follows. First, it transforms '
to ' 0 by an exhaustive application of the rules from Figure 1. If ' 0 contains the empty clause?
then ' is unsatis�able. Otherwise, assign�rst all variablesto an arbitrary but �xed d 2 [pmax ; qmin ].
This initial assignment I (x) = d for all x 2 V satis�es all non-unit clauses,accordingto the previous
observation, but not necessarilythe unit ones. If a variable x appears in a unit clause(x � a) (or
x � b) not satis�ed by I (x) = d, then changethe value of x to a (resp. b).

We needto prove that theseassignment modi�cations do not alter the satisfaction of the non-
unit clauses.Supposethat x occurs in ' 0 in a unit positive clause(x � v) which is not not satis�ed
by I (x) = d, i.e., we have v > d. There are three types of clausesin ' 0 where the variable x can
occur, namely a negative unit clause(x � u), aswell asthe non-unit clauses(C _ x � u) with u > v
and (C _ x � u) with u � v. A negative unit clause(x � u) must be compatible with (x � v),
since' 0doesnot contain the empty clause,thus it is satis�ed by I (x) = v. The assignment I (x) = d
doesnot contribute to the satisfaction of the clause(C _ x � u) sinced < v � u holds. If I (x) = d
satis�es the clause(C _ x � u) then I (x) = v satis�es it, too. Therefore changing the assignment
from I (x) = d to I (x) = v will not a�ect the satis�abilit y of the non-unit clauses. 2

Case 2.2.2: qmin < pmax . In this casethe csp(L ) problem can be substantially simpli�ed and
studied on the restricted interval [qmin ; pmax ].

Lemma 16 Let L be an SU-closed clausal languagesuch that bL contains a positive binary, a
negative binary, and a ternary pattern. If bL does not contain a disjoint PN-pair and the markers
satisfy the condition qmin < pmax , then every pattern M 2 L of length jM j � 3 is [qmin ; pmax ]-valid.

Pro of: Observe �rst that both extremal patterns N � = (� qmin ; � qmin ) and P� = (+ pmax ; + pmax )
belong to bL . Indeed, by de�nition of qmin and pmax , there exist patterns N = (� q1; � qmin ) 2 bL
and P = (+ p1; + pmax ) 2 bL , where q1 � qmin < pmax � p1 holds. We can produce both extremal
patterns P� and N � by two resolution stepsfrom P and N .

Supposethat there exists a pattern M 2 L of length jM j � 3, which is not [qmin ; pmax ]-valid.
This meansthat M contains only the literals � b with b < pmax and + a with a > qmin .

Let M be positive, i.e., M = (+ a1; : : : ; + ak ), where k � 3 and ai > qmin holds for all i .
Then the subpattern M +

3 = (+ a1; + a2; + a3) belongsto bL , and together with N � = (� qmin ; � qmin )
forms a disjoint PN-pair, which is a contradiction with the assumption. Let M be negative, i.e.,
M = (� b1; : : : ; � bk ), where k � 3 and bi < pmax holds for all i . Then, the subpattern M �

3 =
(� b1; � b2; � b3) belongs to bL, and together with P� = (+ pmax ; + pmax ) forms a disjoint PN-pair,
which is once more a contradiction with the assumption. Let M = (+ a1; : : : ; + ak ; � b1; : : : ; � b̀ )
be mixed, where k + ` � 3, ai > qmin , and bj < pmax hold for all i; j . Then either the subpattern
M 3 = (+ a1; + a2; � b1) or the subpattern M 3 = (+ a1; � b1; � b2) belongsto bL. Thus, by repeated
resolution of M 3 and P� we can produce the positive pattern M 0

3 = (+ a1; + pmax ; + pmax ), where
a1 > qmin and pmax > qmin hold. This leadsto a contradiction as before. 2
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Lemma 17 Let L be an SU-closed clausal languagesuch that bL contains a positive binary, a
negative binary, and a ternary pattern. If bL does not contain a disjoint PN-pair and the markers
satisfy the condition qmin < pmax , then every binary pattern in L is [qmin ; pmax ]-satis�able.

Pro of: Recall that both extremal patterns N � = (� qmin ; � qmin ) and P� = (+ pmax ; + pmax ) belong
to bL .

Let P = (+ a;+ b) 2 L bea positive pattern with a � b. P belongsto bL. If a � qmin holds then P
is [qmin ; pmax ]-valid and thereforealso [qmin ; pmax ]-satis�able. The pattern Q� = (� qmin ; + pmax ) is a
resolvent of the extremal patterns P� = (+ pmax ; + pmax ) and N � = (� qmin ; � qmin ) sinceqmin < pmax

holds. If qmin < a � pmax holds then we obtain Q0 = (+ b;+ pmax ) by resolution from P and Q� . By
resolution from Q0 and N � we get Q00= (+ b;� qmin ). Another resolution step betweenQ0 and Q00

gives Qy = (+ b;+ b). If b > pmax then this contradicts the de�nition of pmax , therefore we must
have b � pmax and [a;b] � [qmin ; pmax ]. In this case,P is [qmin ; pmax ]-satis�able. The sameresult
holds by dualit y for negative binary patterns in L .

Let M = (� a;+ b) 2 L . If a � pmax or b � qmin hold then M is [qmin ; pmax ]-valid and therefore
also [qmin ; pmax ]-satis�able. If a < pmax and b > qmin hold then we need a supplementary case
analysis. If a � qmin and b � pmax then the interval [a;b] or [b;a], depending whether a < b or
b � a, is included in [qmin ; pmax ] and therefore M is [qmin ; pmax ]-satis�able. If a < qmin then we can
produce by resolution from M and N � = (� qmin ; � qmin ) the pattern Q = (� a; � qmin ), followed by
two additional resolution stepsasabove, which give Qy = (� a; � a), what contradicts the de�nition
of qmin . If b > pmax holds then we can produce by resolution from M and P� = (+ pmax ; + pmax )
the pattern Q0 = (+ pmax ; + b), followed by two additional resolution steps as above, which give
Qy = (+ b;+ b), what contradicts the de�nition of pmax . 2

Prop osition 18 Let L be an SU-closed clausal languagesuch that bL contains a positive binary, a
negative binary, and a ternary pattern. If bL does not contain a disjoint PN-pair and the markers
satisfy the condition qmin < pmax , then csp(L ) is decidable in polynomial time.

Pro of: The algorithm to �nd a satisfying assignment for ' in polynomial time proceedsasfollows.
First, it transforms ' to ' 0 by an exhaustive application of the rules from Figure 1. If ' 0 contains
the empty clause? then ' is unsatis�able. Otherwise, construct the sub-formula ' 0

2 consisting of
all [qmin ; pmax ]-satis�able clausesfrom ' 0 which are not [qmin ; pmax ]-valid. According to Lemmas16
and 17, ' 0

2 is bijunctiv e, i.e., it contains only unit and binary clauses,and therefore its satis�abilit y
is decidable in polynomial time. Find a satisfying assignment for ' 0

2 on the interval [qmin ; pmax ].
The remaining clausesin ' 0 are either \big" clauses,i.e., of length 3 or more, binary clauses,or unit
clauses. The �rst two types are [qmin ; pmax ]-valid, so the computed satisfying assignment satis�es
them. What remains are [qmin ; pmax ]-unsatis�able unit clauses.

As in the proof of Proposition 15, we change the values of the concernedvariables, setting
I (x) = v if either x � v or x � v is a [qmin ; pmax ]-unsatis�able clause in ' 0. Once more, by
construction of ' 0 for the samereasonas in the proof of Proposition 15, this changedoesnot alter
the satisfaction of the already satis�ed clauses.Supposethat x occurs in ' 0 in a unit positive clause
(x � v) which is not satis�ed by I (x) = d, i.e., we have v > d. There are three types of clauses
in ' 0 where the variable x can occur, namely a negative unit clause(x � u), aswell as the non-unit
clauses(C _ x � u) with u > v and (C _ x � u) with u � v. A negative unit clause (x � u)
must be compatible with (x � v), since' 0 doesnot contain the empty clause,thus it is satis�ed by
I (x) = v. The assignment I (x) = d doesnot contribute to the satisfaction of the clause(C _ x � u)
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sinced < v � u holds. If I (x) = d satis�es the clause(C _ x � u) then I (x) = v satis�es it, too.
Therefore changing the assignment from I (x) = d to I (x) = v will not a�ect the satis�abilit y of
the non-unit clauses. 2

To the best of our knowledge,the tractable casesidenti�ed by meansof Proposition 18 are new.
The following theorem follows from Propositions 11, 12, 15, and 18.

Theorem 19 (Dic hotom y Theorem) Let L be an SU-closed clausal language. If the satura-
tion bL does not contain a disjoint PN-pair then csp(L ) is decidable in polynomial time, otherwise
csp(L ) is NP-complete.

Example 20 Consider the SU-closedclausal language

L = f (� 0); (� 1); (+1) ; (+2) ;
(+1 ; � 0); (+1 ; +1) ; (� 1; � 1); (+2 ; +2) ;
(+1 ; +1 ; +1) g

over the 3-element domain D = f 0; 1; 2g. The only endomorphism of L is the identit y. The 3-
saturation bL of L is then equal to L [ f (+2 ; � 1); (+1 ; +2) ; (+1 ; � 1)g. There is no disjoint PN-pair
in bL , therefore csp(L ) is polynomial-time decidable.

6 Concluding Remarks

We presented a complexity analysis of the constraint satisfaction problems over �nite totally or-
dered domains, based on the new concept of clausal patterns. We derived decidable conditions
for CSP problems implying either NP-completenessor polynomial-time satis�abilit y. In fact, our
polynomial-time casesgeneralizethe previously known characterization through Horn, dual Horn,
bijunctiv e, 0- and 1-valid Boolean relations. Not surprisingly the 3-saturation concept allows us
to decide algorithmically the dividing condition between the tractable and intractable instances.
The result is a dichotomy theorem applicable to the CSP problemsover totally ordereddomainsof
arbitrary cardinality.

By combining tractabilit y results from the paper with the algebraic approach, it is possible
to obtain many more tractable (non-clausal) CSPs. We leave this as an open problem | to
characterize tractable (non-clausal) constraint languagesthat can be generatedfrom clausal ones.
This would actually amount to describing tractable clausal languagesalgebraically. Our CSP
problems are somewhat orthogonal to the relationally de�ned ones. On one hand we obtained a
dichotomy theorem, on the other hand relations can expressmuch more constraints than clauses,
so our classi�cation is coarser. Another possibleextension of our research is to consider clausal
patterns over a partially rather than totally ordereddomain. We believe that the results presented
in this paper can be generalizedto this more generalcase.

Ac kno wledgmen t: We sincerelythank Julien Demouth for proofreading the paper and pointing
out several writing errors.
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